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Abstract 

We study the properties of the Schrodinger-type non-relativistic holography for 
general dynamical exponent z with and without hyperscahng violation exponent 9. 
The scalar correlation function has a more general form due to general z as well as the 
presence of 9, whose effects also modify the scaling dimension of the scalar operator. 
We propose a prescription for minimal surfaces of this "codimension 2 holography," 
and demonstrate the {d — 1) dimensional area law for the entanglement entropy from 
{d + 3) dimensional Schrodinger backgrounds. Surprisingly, the area law is violated 
for d+'l<z<d + 2, even without hyperscahng violation, which interpolates between 
the logarithmic violation and extensive volume dependence of entanglement entropy. 
Similar violations are also found in the presence of the hyperscahng violation. Their 
dual field theories arc expected to have novel phases for the parameter range, including 
Fermi surface. We also analyze string theory embeddings using non-relativistic branes. 
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1 Introduction and Summary 

AdS /CFT (Anti-de Sitter space / Conformal Field Theory) correspondence provides a 
unique analytic approach to strongly coupled field theory [1] [2] . This tool has been extended 
to its application to the non-relativistic setup with dynamical exponent 2 7^ 1 in [3] |1] in 
the context of Schrodinger holography and in p] for Lifshitz spacetime. Along the line of 
holographic application to condensed matter physics, the major players have been AdS4 with 
dynamical exponent ;2 = 1 as well as Lifshitz spacetime and its generalizations. While it 
is very interesting to consider Schrodinger-type theories, the progress has been slow due to 
their technical difficulties. We would like to close some of the gaps existing in the literature 
following recent progress [6] [7] [8] . 

For the holographic applications to the condensed matter system, it becomes clear that 
we need to consider more general classes of metrics than those with the asymptotic AdS 
boundaries. More drastically, one can consider only small part of the 'AdS' space by cutting 
ont the ultraviolet part. There has been several different approaches [Hllin]- Let us consider 
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the Effective Holographic approach (EHT) initiated in [9] following the Effective Field theory 
approach. In ^ , a general set of metric is constructed in the context of Einstein-Maxwell- 
Dilaton (EMD) theories with a general dilaton coupling to the Maxwell field and a dilaton 
potential. These coupling and potential have exponential forms with two parameters /3 and 
7. The parameter spaces are constrained by various physical conditions in IR, such as regu- 
larity condition at the horizon, Gubser's bound and well defined fluctuation problems. The 
resulting solutions are extensively analyzed for the thermodynamic and transport properties 
in [nj^and for the fermionic spectral functions in [12] . 

The full set of near extremal solution for ci = is obtained in [9] 



S = / 



X 



pi<t> 1 
R-—F,,F^^--{dct>f~2Ae 



ds=-r(r-2m)r~^^^dr-\ — + r^^i^ (dx^ + dy^) , (1.1 

—wAr{r — 2m) ^ ' 



era^-4(7-5)/M ^ = $ + 2v/-t;/(wM)e-2<^V 



= 3^2 _ ^2 _ _^ 4 ^ = ^2 _ ^ 2 , ^; = 52 _ _ 2 _ 

This metric was constructed to get a general scaling solution in IR, and physical properties 
such as entropy, energy and conductivities show power law behaviors, characteristic features 
of scaling invariant theories. An important difference is that the hyperscaling is violated. 
Lifshitz solution can be obtained with 7 = —1^4/(2; — 1) and 5 = 0. This solution provides 
the most general IR asymptotics at finite density with a single gauge field A and a dilaton 
field 0, and is embedded in higher dimensional AdS or Lifshtiz spacetime [13] |^ This solution 
can be understood along the line of developments for EMD theories [H] [15] . 

Hyperscaling is a property of the free energy based its naive dimension [16]. For the the- 
ories with hyperscaling, the entropy behaves as ~ j"'^/^^ where T, d and z are temperature, 
number of spatial dimensions and dynamical exponent. Hyperscaling was shown to be vio- 
lated by random-field fuctuations, which dominate over thermal fuctuations at long length 
scale, and cause the scale of free energy to grow with modified scaling [17]. In holographic 
context, the hyperscaling violation exponent Q is related to the transformation of the proper 



distance (see 2.3), and thus its non-invariance implies the violation of hyperscaling of the 
dual field theory [7] . Then, we have modified relation between the entropy and temperature 

as ^ ~ T('^-^)/^ 



^See [TT] for the simplified discussions of [S]- 

^General d dimensional metric is also presented in [3]. And its thermodynamic and transport properties 
are also analyzed there. 

■^Hyperscaling violation is first mentioned in the holograpic context in 13! . We thank to Elias Kiritsis and 
Subir Sachdev for the discussions on the hyperscaling violation during the conference "Black Hole Answers 
for Condensed Matter Questions" held in Leiden, June 14 - 17, 2011. 
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Recently, Lifshitz-type theories with hyperscahng violation is proposed in more general 
setup [8] [7] [6] without referring to particular matter contents. To have physically reasonable 
theories, null energy condition is imposed. The metric is proposed as 

where z and 6 are the dynamical and hyperscaling violation exponents, respectively. The 



EMD solution given in (1.1) can be rewritten in this form using the coordinate transform 



r — )■ r*^ with a = — ^^_^^2 ■ For vanishing non-extremality parameter m = 0, the dynamical 



and hyperscaling exponents are given in terms of 7, (5 for = 2 as 

46 4 

= —., ^ = 1 + ^^- (1-3) 
7 + 7^ — ()^ 

Thus we can translate all the results of [9] in terms of z and 6. Again, we check that 5 = 
is a Lifshitz solution. 



In [8], the basic properties of the Lifshitz systems with metric (1.2) are analyzed. The 
correlation function of scalar operators signals that the scaling dimension of the dual operator 
is shifted by the exponent 6. Furthermore, the authors of [8] analyzed the holographic 
entanglement entropy to find the existence of novel phases for some range of the parameter 6, 
where entanglement entropy violates the area law. These phases are identified to interpolate 
between that of a Fermi surface and that exhibit extensive entanglement entropy. 

This brings us to another important subject in holographic application to condensed 
matter: identifying and understanding Fermi surfaces. Fermi surface in holographic context 
was first realized and studies in Reissner- Nordstrom black hole |18|. These are known to 
violate the Luttinger theorem, which relates the area of the Fermi surface to the total charge. 
(See e.g. [12] for satisfying the theorem, and also [20J, along the line of "electron star" fIT\.) 
It was argued in [25] that holographic theories can only access gauge-invariant parts of Fermi 
surfaces and thus the rests are hidden Fermi surfaces of 'fractionalized' fermions carrying 
gauge charges. 

A very nice resolution is realized in the context of the holographic entanglement entropy 
|23j . Entanglement entropy has become a new useful tool to understand different phases of 
field theory, differentiating the fermionic models compared to bosonic ones [21] . The authors 
of [6] proposed a new definition of the systems with Fermi surface as "the entanglement 
entropies of the system with Fermi surface show the logarithmic violation of the area law." 
This property has been shown for non- Fermi liquids as well as free fermion systems [2^. 
Using the holographic entanglement entropy, new novel phases were found in [8J for the 
Lifshitz theories with hyperscaling violation]^ 



^See further developments for holographic entanglement entropy in this context 
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Inspired by these recent developments, we investigate Schrodinger-type systems with 
Gahlean invariance for arbitrary dynamical exponent z with and without hyperscaling vio- 
lation exponent Q. Our analysis is parallel to that of [S] and find several surprises as well as 
similar properties. 

The metric for 3 + c? dimensional Schrodinger-type theories is given by 

ds" = r-2+2e/^ (^-i3r-^i^-^)dt^ - 2dtdi + ^ dx] + dr^^ , (1.4) 

where 9 signifies the hyperscaling violation with a factor which we leave undetermined, 
and 2; is a dynamical exponent. Note that there exists an off-diagonal component of the 
metric, which is crucial to maintain the Galilean boost. For z = 2, the symmetry is extended 
to non-relativistic conformal symmetry including special conformal invariance. Before going 
into detailed analysis, let us summarize main results here. 



The basic properties of Schrodinger-like systems with metric (1.4) are analyzed in ^ We 
constrain the parameters {9, rf, D) of the theory using null energy condition. The result 
is given in (2.11) and the allowed regions are depicted in figure [!} By adapting effective 



holographic approach, we calculate the stress-energy tensor on the hypersurface located at 



finite r = whose conformal weight is shifted by — (rf + 1)9/ D. This result is in (2.72) 
Similar shifting is also observed in correlation functions. 



In ^2.2, we evaluate the geodesic distances of a particle with mass m using semiclassical 



approximation. This can be identified as a massive propagator. In the semiclassical limit. 



the propagator has exponentially decaying behavior with non-trivial 9 dependences (2.23) 



( |2.34[ ) ( |2.44[ ) ( |2.53[ ) ( |2.65| ). As 6* 0, the propagator shows power-law behavior ( |2.24[ ). 

In section ^ we couple a scalar field in the background and analyze full scalar correlation 
functions beyond the semiclassical approximation. From the analysis of many different cases, 
we find that the scaling dimension of the dual scalar operator is modified as 

(^ + 1)^ 

A+ = A+,0=o — , (1-5) 

and A_ = 0, when m?, mass of the scalar field, and M^, the eigenvalue along the ^ coordinate, 
do not contribute to the scaling dimensions. For the case with the contribution of M^, see 



(3.23), where there are two independent nonzero dimensions A+ and A_. In general, the 



momentum space correlation function has the form 



G{uj, k) ~ ( P - 2Muj + + rrA ^ ^'"^ , (1.6) 



and the general scalar correlation function in position space is 

m',x')Oit,x)) r. ._'i%(;^,,,, e-^^^--^l^--l . (1.7) 



5 



All the examples worked out in §3.3| and §6.3.2 satisfy this relation. We observe two new 



features. First, both the power dependence \t' — t|^++(c'+i)^/2£' ^T^d A_|_ depend on the 
hyperscaling violation exponent 0. For ^ = 0, this reduces to \t' — 11^+'"=°. Second, the 
exponent is modified by ^"^2^/"^ 1^^ ~ ^l- This modification comes from the effects of the 
general dynamical exponent z as well as 9. 

Schrodinger holography has a unique feature : the holographic correspondence is "codi- 
mension 2" meaning that {d + 3) dimensional Schrodinger background in gravity side corre- 
sponds to {d + 1) dimensional field theory. There exist a spectator direction ^, in addition 
to the radial coordinate r representing the energy scale of the dual field theory. We provide 
a prescription for the minimal surface in this "codimension 2" holography by treating the 
coordinate special. This gives the same result both for static and stationary cases, which 
are explained in [|4j The direction turns out to be crucial for our prescription of minimal 
surface. 



While the results are shown to be valid for general shape in §4.2[ we compute the entan- 
glement entropy for the strip geometry located at r = e 



We integrate over the entire possible area for the special coordinate and identify it with 
total 'length scale' or alternatively corresponding 'mass scale' M^, which is a defining 
property of the dual field theory. Specifically, for 2 = 2, = 0, we get 

= 4(rf-l)M, [\-e) - [1) j ' ^^-9) 
where R, Mpi are curvature scale and ((i+3) dimensional Plank mass. is the dimensionless 



'mass scale' associated with ^ coordinate. Cz=2 is constant and this result is given in (4.23) 



This describes the {d — 1) dimensional area in the entanglement entropy, computed from the 



{d + 3) dimensional Schrodinger background (1.4). 



Surprisingly, we find the logarithmic violation of the area law even without hyperscaling 
violation ^ = for z = d+1 as 

{RMp^(L'-'\ (2l\ 
S,=d+i,e=o = log - , (1.10) 



4/31/2 \ J V e 
which signals the presence of Fermi surface in the dual field theory according to [6]. This 



is worked out in (4.25). Note the dimensionless combination, L^^^/M^, for z = d + 1. 

Furthermore, we also find the violation of area law in the entanglement entropy for the 
range 

d+1 <z <d + 2 , (1.11) 
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interpolating from the logarithmic violation for z = d + 1 to the extensive violation for 
z = d + 2 in the same section ^ 4.3.1 Thus the dual field theory is expected to reveal novel 



phases for the parameter range including Fermi surface. 

For 6^0, with hyperscaling violation, we work out the general entanglement entropy as 



S 



{RM, 



PI 



4(a- 1) 




{d+i)e/D j^d-ij^ 



{d+l)9/D j^d-lj^ 



ld-z+1 



:i.i2i 



in (4.31). Re is a scale where the effects of the hyperscaling violation becomes strong. We 



also find the area law violation of entanglement entropy, interpolating from the logarithmic 
violation and the extensive violation, for the following range 



d+l 



d+l 



zed 



2- z 



d+l 



;i.i3) 



which is analyzed in §4.4. 1[ The allowed regions of these novel phases are depicted in figure 
[2] along with the allowed regions by the null energy conditions. 

While we constrain our theories with null energy condition in ^ it is important to 
investigate string theory construction of the theories with hyperscaling violation. This is 
done in ^ based on non-relativistic Dp brane solutions {p = d + l) [27j[28] using null Melvin 
twist [29]. It turns out that the hyperscaling violation exponent 6 vanishes for d = 2, and is 
negative for the range d < 4. 

In ^ we perform a parallel study for the AdS in light-cone (ALCF) with the metric (6.1 ), 
which is the case with /3 = in (1.4). The metric (6.1) describes Schrodinger holography 



for general z and 6 with conformal Schrodinger symmetry for any value of z. We analyzed 
null energy condition and find that it is independent of z. This is different from /3 7^ 0, but 
identical to AdS case. The correlation functions and semiclassical propagator are analyzed 
in §6.3| and §6.2[ They are simpler, but reveals similar properties compared to those of the 
/3 7^ case. Even though the metric does not depend on z explicitly, we find the same results 



on entanglement entropy in ^6.4 by extending the minimal surface prescription motivated 
by the /3 7^ case. 

We conclude with future directions in ^ which includes some speculations for the fi- 
nite temperature generalizations. We provide metric properties and useful formula for the 
computations in appendix, ^A and 



2 Schrodinger background with hyperscahng violation 



We would like to consider the 3 + d dimensional metric given in (1.4). For = 0, the metric 



is first considered in [3]- The corresponding finite temperature generalizations were done in 
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[30] [3T]. The case with 6 = and /3 = is also considered in |4j, whose finite temperature 
generahzations were considered in [31] [32] . We would like to concentrate on /3 7^ here and 
the case with /3 = is considered briefiy in ^ 



The metric (1.4) is invariant under the translations, rotations and Galilean boost, which 



has the following form 



x' = x-vt, C = ^+^{2v-x-vH) , (2.1) 



where the vectors are (i-dimensional vectors. Note that, under the scale transformation 

t^XH, ^ ^ A^"^^ , x^ Xx , r ^ Xr , (2.2) 



the metric (1.4) is not invariant, but transforms covariantly 

ds X'^'^ds , (2.3) 

which is a defining property of hyperscaling violation in holographic language. It is a curious 
fact that, under the special conformal transformation 

1 + ct ' 1 + ct ' 1 + ct ' ^ ^ + 2 1 + ct ' ^ 

the metric transforms as 

ds^f^^j ds , /3 = or z = 1hPi-0. (2.5) 



For ^ = 0, the metric (1.4) is conformal for /3 = with general z and /3 7^ & 2; = 2. For 



these cases, the metric transforms also covariantly as (2.5). The metric (1.4) is conformally 
equivalent to the Schrodinger metric for /3 7^ 0. 

Using the effective holographic approach [n][S], we consider the corresponding dual field 



theory living at a finite radius, r = Vc- Thus the metric (1.4) provides a good description 
of the dual field theory only for a certain range of r, presumably for r > Tc anticipating 
the applications at the low energy regions. While it is plausible for the theory to fiow to 
some fixed point at r as pointed out in [8j| (further developed in [15]), the effective 

holographic approach in pj constrains the low energy dynamics with various physical con- 
ditions available in IR, such as regularity conditions, Gubser's bound [33] and well defined 
fiuctuation problems. To make our story simple, we assume this is the case. Thus the warp 
factor e^^'^"''^ — )■ /r'^ as r — )■ 0, where R is the curvature scale. Below the crossover scale Rq^ 
the metric has the overall factor R? jl^Q^^ . These scales are ignored during the calculations 
below and will be restored at the end of calculation using dimensional analysis. 
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For this purpose, we consider more general background of the following form, which is 
invariant under the translations, rotations and Galilean boost 



||-/3e=^^(^)rft^ - 2dtd^ + ^ dx^ + dr^^ 



(2.6) 



for the description outside the region valid for (1.4). 

It is worthwhile to mention that ^ is a special isometry direction and is known to provide 
a particle number M to the dual field theory for z = 2,6 = Oj^ If we consider a static case, 
the metrics (1.4) and (2.6) seem to lose contact with the coordinate ^. To see the effect on 
physical properties of ^ clearly, we also consider a stationary casej^ Thus, we consider the 
ADM form of the metric 



ds' 



(2.7) 



We impose the condition dt + (3 '^^^'^^d^ = for a stationary case when we consider 
massive propagator in ^2.2 and entanglement entropy in ^ 



2.1 Metric properties and the null energy condition 

Rather than generating a particular solution with the hyperscaling violation, we find some 



constraints on the parameters of the metric (1.4) using null energy condition [6] [7] [8] 
The Ricci tensors and scalar curvature for the metric (1.4) are given by (see [ |B| 

^D\2 + {d- 2)z + 2^2) _ /)((^ + 2) + (rf + \)z)Q + (c/ + 1)^^ 



Rtt = (3- 



Rr 



{D -9){D{d + 2) - {d+l)9) 
{d + 2){e-D) 



Rii - -Rt^ - 



Dr^ 



^ _ ^-2e/D (d + 2)(g - D)iDid + 3)-{d+ 1)6) ^ ^^.g) 
The scalar curvature is 7^ oc r^"^^/^^ which becomes constant for ^ = as expected from the 



observation that the metric (1.4) is conformally equivalent to Schrodinger metric. Energy 
momentum tensor can be computed as T^i, = R^^ — l/2(7^jy7^. 

^See some developments along this line in where M is generalized to be complex in the context of 
time dependent setup. There two time correlation function was constructed to show slow dynamics, power 
law decaying behavior, for the pure imaginary M . See also |35j | 36 | for different considerations on this matter. 

^The minimal surface prescription, however, gives a unique result ^ 

^In |37j . null energy condition is used to rule out holographic Lifshitz backgrounds with z < 1. 
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To consider various physically sensible dual field theories, we would like to constrain the 
parameters using the null energy condition 



T^^N^N" > , (2.9) 
where the null vectors satisfy N^N^j^ = 0. The two independent null vectors are 

iV* = ^ ^r^^^ .2 10) 

where = or 7r/2. 

From this we can get two independent null energy conditions as 

{z -l){d + 2z) - (1 + d)z e/D + {l + d) O^/D^ > , 

{z -l){{d + 2z) - (l + d) e/D) >0 , (2.11) 

where d,6/D and z are the number of spatial coordinates in dual field theory, a parame- 



ter associated with the hyperscaling violation in the metric (1.4) and dynamical exponent, 
respectively. We see that the null energy condition for Schrodinger-type solutions is not 
particularly simple compared to that of the Lifshitz theories. Nonetheless, these conditions 



(2.11) constrain the allowed values of {z, 6). For z = 1, the first inequality implies that ^ < 
OT 6 > D, which is the same as the null energy condition for /3 = considered in [|6j And 
this is also similar to the condition obtained in [8], where both ranges are also realized in 
the string theory constructions. How about 2 = 2? The conditions become 

{d + 4)/(rf +l)-2e/D + e^/D^ > , 

{d + A)-{l + d)e/D>Q. (2.12) 

The first inequality automatically holds and the second condition gives j; seems 
interesting to find that there is an upper bound for the hyperscaling violation exponent for 
z > 1, while there is a lower bound for z < 1. This can be checked in figure [1} For a scale 
invariant theory, ^ = 0, both of the conditions become {z — l){z + d/2) > 0, which gives 
either the condition 2; > 1 or z < ~d/2. 

To get some better understanding, we consider D = d + 1. This particular choice is 
made because, in general, the spectator coordinate ^ also contributes to our analysis below. 
(Qualitative pictures do not change with different values of Z).) Thus we have 

{d + l){z- l){d + 2z) -{d+ l)ze + > , 

{z-l){d + 2z~e)>Q . (2.13) 

These allowed regions are plotted in figure [T] for d = 2 and d = 3 cases, which are relevant 
for the condensed matter systems. 
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Figure 1: The allowed parameter space of {z, 6) for the spatial field theory dimensions, d = 2 
and d = 3, with D = d + 1 from the null energy condition. As we increase d, the allowed 
regions around the point {z, 6) = (0, 0) are pushed further for negative z and positive 9. 



Let us consider two special cases. For D = 6, we have the two conditions (2.11) to be 
the same as {z — l){2z — 1) > 0, and thus 



z > 1 or z <l/2 . 



(2.14) 



For D = d + 1,9 = d, the first one of the conditions (2.11) is stronger, and thus we have 

z>l/2 + ^/{3d + l)/{d + l)/2 or z < 1/2 - ^/i3dT^)J{d^ /2 , (2.15) 

We revisit the null energy condition in the later sections to examine whether physically 
interesting parameter ranges are allowed or not. 



2.2 Propagators from semiclassical approximation 



We consider a scalar field in the background (1.4) and evaluate its geodesic distance traveled 



by a particle with mass m using a semiclassical approximation. In the context of Lifshitz 
case, the same calculations are done in [S]. For the static case, the calculations are the same 
as the Lifshitz case. 

The differences come into play for the stationary, timelike and general cases. Those cases 
have an extra conserved quantity 11^ from the ^ direction, which is not fixed by boundary 
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conditions. Thus we analytically evaluate the general propagator for some particular values 
of the parameter 11^ in this section. 



The action of the particle moving in the background (1.4) is described by 



dt\^ dt f dr\^ f dx^ ^ 



where A is the worldline coordinate. We can get a particle geodesic moving along the semi- 



classical trajectory by extremizing the action (2.16). The propagator between two points 



X = (t, ^, Xi) and x' = (t', x[) on a fixed radius r = e is 

^(x',^) ~exp(5(x',a;)) , (2.17) 

where the coordinates are (x/ = x'^rj = e) and (x, = x, rj = e). r = e is the place the 
dual field theory lives, and e is related to the scale Rq. The propagator depends only on 
At = t' — t and Axj = x^ — Xj for the dual spacetime directions due to the space and time 
translation invariance. It also depends on C, direction in a special way. 

2.2.1 Static case 

Let us consider first the static case with At = 0. By choosing A = r and using " = 5^, we 
get the action 



S = -m dr r-^+^/^Jl + xf , (2.18) 



where some dimensionful parameters are suppressed. The equation of motion is 

TTI^ ' dr ^l-(r/n)2(^-^)/^ ' ^ ' ' 



where li^ = ^^^^^^ is fixed by the turning point of the geodesic, dr / dxi\r=rt = 0. By 



integrating (2.19) on half of the geodesic motion, we get 

Axj \2{D~e) 



D 



2{D-6 

Thus the total geodesic distance is 



n . (2.20) 



S = -2m r dr , = 2m^ \ e''^ - ' /^^"'^^^ 1 , (2.21) 
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where we have neglected higher powers of e. In a compact form 



S = 2m- fe^/^ - ^ |Ax,|^/^ 



Ce n 




i~e/D 



(2.22) 



Thus, the propagator in the semiclassical approximation is 



G{Axi 



exp 



2m^ e'/^ 
9 



exp 



(2.23) 



The semiclassical approximation holds for m\Axi\^^^ ^ 1 in units of the cross-over scale Rq 
In the scale-invariant limit ^ = 0, this propagator reduces to the power-law behavior 



G{Ax, 



exp 



m log 



Axi\ 



\Axi 



(2.24) 



The propagator (2.23) has interesting properties. Compared to the scale invariant limit 



(2.24), the propagator (2.23) decay exponentially with the exponent —m\Axi\^^^ , which has 



the non-trivial 6 dependence. These are explained in detail in [S]. Note that this result is 
only valid for the semiclassical limit. 



2.2.2 Stationary case 

While it is clear that the static case has the same propagator for the semiclassical approx- 
imation as the Lifshitz case, there exists an another option for the Schrodinger theory : a 



stationary case due to the cross term in the metric (1.4). For technical reasons, we consider 
the parameter ranges D > 6 and z > 1. 



Starting from the action ( 2. 16 ) , we would like to consider a stationary case H +'"^*-^ ^ 



0. Choosing A = r and ' = dr gives 



S = -m J dr r-^+^/^-yr2{-i)^2 + 1 + 3,2 



(2.25) 



The constants of motion are given 

^-l+e/D+2{z-l)^ 



^2(.-l)^2 + 1 + i;2 



n,; 



-1+e/D 



^2(^-1)^2 + 1 + i;2 



(2.26) 



from which we get Xj = Ilj/IIgr^^^ Solving these two equations to find 



^2{z-l)J^-2il-e/D) _ ^2^-2(2-1) _ n2 



Xi 



r-2{i-e/D) _ jj2^-2(2-i) _ n2 



. (2.27) 
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The momentum conjugate to x is conserved, and thus the equation of motion can be inte- 
grated to 



dr 



{jlr^^2{D-e)/D _ n2 ^2{D-e)/D-2{z-l)(^l _ (^/^^)2(^-l)) 



(2.28) 



Note that we give special attention to the ^ coordinate and do not impose a boundary 
condition from the expectation that it is an input parameter to define the dual field theory. 
To get (2.28), we use 



-2{D-e)/D yr2 ^-2(^-1) 

t ~ 't } 



r=rt 



(2.29) 

0. For n| = 0, the equation 

~2{D-e)/D+2{z-l) 



from the turning point of the geodesic equation dxi/dr 
(2.28) reduces to the equation (2.19) for the static case. For n| = n|,, 
we get vanishing Ilj and thus Xi = 0. This means that the massive particle stays at r = e 
and does not travel along the radial direction. From these analysis, we can conclude that 
behaves as an effective mass for the range < 11^ < ng,c- 
The action for the stationary case has the following form 



S 



m dr 



^-2{D-e)/D 



m I dr 



^^-2(D-e)/D _ ^-2(^-1) _ n2 

^-{D-e)/D 



_ (^r/r^-j2(D~e)/D _ l[2 ^2(0-8) /D-2(z-l)(^l _ (^/^^)2(^-l)) 



(2.30) 



For = 0, the expression goes back to the static case given in (2.21), and thus the massive 
propagator is the same as the equation (2.23). One can show that the action (2.30) has an 
extremum at 11^ = 0, which is actually a local maximum because its second derivative is less 
than ioT D > 9 and z > 1. 
t2 



For n| 



Hi ^ = r^ "^^^ s)/D+2{z ^) = Q and there is no motion along the Xi direction. 



Thus the action (2.30) becomes 



S = -2m 



dr 



_ D-e 

f D 



2m- 



D 



r-y ( (2D-e)-2(z-l)D 

y \2{D-fi\-2(z-r\n 



e D — r: 



2(2-l)D 



r \2i 



-2{z-l) 



T 



2~z 



2(D-e)-2{z-l)D 



(2.31) 



Even though this action formula (2.31) is similar to the static case (2.21), there is a crucial 
difference. Now can be expressed in terms of II^^c- This seems not so illuminating due to 
the fact that II^^c is not associated a definite physical quantity. 
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Thus we try to connect this to a physical length scale associated with ^ coordinate. We 
consider that ^ coordinate has the total length, fixed as L^, which is a defining property of 
the dual theory for the Schrodinger holography. We assume that the stationary propagator 



travels the distance L^. Integrating the first equation in (2.27) gives 



(2D-6>)-2(z-l)D 
2iD~e)-2{z-l)D 



2-z 



2{D~e)-2(z-l)D 



(2.32) 



which gives 



D 



S = 2m J I es 



(2-z)D 



(2.33) 



Thus the propagator has the form 
G{L^) ~ exp 



2m^ e^/^ 




exp 



D 



-2m— cl^ L^' "'■^ 



(2.34) 



This is a reasonable result if we consider the dimension of L^, which is 2 — Note that this 
case is very special where the geodesic travels only along the ^ coordinate. The correlation 
function can not decay faster than this because there exist the maximum distance in ^ 
direction. This is a unique property of the Schrodinger type theories. 

In summary, one can consider the geodesies along the spatial coordinates and also ^ 
direction in general. For 11^ = 0, the stationary geodesic reduces to the static case, while the 
geodesic only travels along ^ direction for Ilg = 11^ c- These two extreme cases have different 
results due to the different dimension of ^ coordinate compared to other spatial directions. 
While these propagators reveal different properties for static and stationary cases, we observe 
that the minimal surfaces give the same result in ^ 



2.2.3 Timelike 

Until now, we calculated spacelike geodesies. In this section, we would like to perform similar 



computations for the timelike geodesies. With A = r and Axj = 0, the action (2.16) gives 



S 



-m 



j dr r-^D-e)/D^ 1 - 2i^ - f3r-^^'-^)P 



(2.35) 



Due to the translation invariance along t and ^, there are corresponding constants of motion 

r-{D-e)/Dl ^ ^_^D-e)/D^p^-2{z-l)^_^^^ 



1 - 2t^ - /3r-2{--i)t2 



1 - 2i^ - /3r-2(^-i)t2 



(2.36) 
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from which we get ^ = (llt/n^ — (3r "^^^ i. Solving these two equations, we get 



(2.37) 



Can we impose ^ = from the second equation? It is only possible when either 11^ = or 
z = 1 h n^/IIg — /3 = 0, which are trivial cases. Thus general timelike geodesies are different 
from those of the Lifshitz case analyzed in [8]. 

Using the boundary condition for the t coordinate, dr/dt\r=rt = at the turning point, 
we fix one of the two constants as 



Using this we can rewrite (2.37) as 
i 



2 ^-2(^-1) _ -2{D-e)/D 
t ' t 



(2.38) 



y/^-2V(l - {r/nf^) - n| /3r-2{--i)(l - (r/n)2(--i)) 



And the action has the following form 

^-2{D-B)/D 



(2.39) 



S = —m / dr 



^r-2V(l - (r/r4)2V) - Uf /5r-2(--i)(l - (r/r J2(^-i)) 



(2.40) 



where 11^ is a conserved quantity along the direction ^, on which we don't put physical 
boundary conditions. This brings rather different results on the propagators along the 
timelike geodesies. We choose some special values of 11^, such as 11^ ^ 1, 11^ ^ 1 and 
/3n2 = "^^^ e)/D+2{z 1)^ investigate the system further. 



For ^ 1, the geodesic equation for t in (2.37) reduces to 



dt 
dr 



{r/rt) D 



lAtl 



1 — {r/rtY o 



r I 2Z)-e 

„ ^ 2-1 ^ \2{D-e) 



2(D- 



(2.41) 



And the action (2.40) is 



S ^ -2m 



rt 



dr 



^-(D-e)/D 



D-B 



(2.42) 
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where 



2n^0Fr 



2m 



r 



D 




i-e/{2D-e) 



(2.43) 



2{D-e) ^ 

The corresponding propagator can be obtained by exponentiating this action. 



G'(At) ~ exp 



2m^ e^/^ 
u 



exp 



-2m— |At|(2o-e) 
6' 



(2.44) 



This result is similar to the space like geodesies, exponentially decaying with the timelike 

-. Note that this limit is independent 



exponent |At|(2c-e) with the 6 dependent power ^^^.g-,- 

e 

of z and is coincident with the case z = 1. This is valid in the regime m| At| (20-e) ^ \_ 
• For ^ 1, one can do the similar analysis]^ Geodesic equation for t is 



dt 



{r/rt) 



z-l 



dr * v^l - (r/rt)2(--i) ' 

And the action is 



At 



1 



r 



-nr. 



2{z-l) 



2{z-l) 



(2.45) 



S 



m 



m 



dr 



D 



r 



z-l-2{D-9)/D 



Yi^i^{z-2)D + 2e 



- (r/ri)2{-i) 

(z-2)g+26) 

e B 



2i^Yl^{z - 1) 



(z-2)I3+2fl 

At Di 



(2.46) 



where 



^n_z-2)D+2l\ ( Y 
^ \ 2{z-l)D ) I 



1 



(z-2)£>+2fl 
Dz 



2(^-1), 



(22-3)0+29 
2(z-l)D 



2Ar 



(2.47) 



2{z-l) 



Note the differences in the power of the At compared to the previous case (2.42). The 
propagator can be obtained by exponentiating the equation (2.46). 

• For lit = 0, one gets an equivalent condition /3n| = '^^^ e)/D+2(z~i) ^ This case is 
special and 11^ is determined by the turning point. This case turns out to have a similar 
result to the Lifshitz case [S]. 

To have this restriction lit = 0, one needs to impose the condition, {I3r~^^'-^H + 0=0 
j.-{D-e)/Di 



^Pj.-2(z-l)i2 + 1 ' 



t 



-2{D-e)/D _ /5n|r-2(^-i) 



(2.48) 



®While we can use Euclidean time t — it along with = — to evaluate the result, we use the Lorcntzian 
time and thus there are I's floating around. To get the Euclidean result, we replace i-y//3 to ^/W ■ 
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Using the fact that the radial derivative vanishes at the turning point along the radial 



direction, we get /3n| 
turning point r^, dr/dt\ 



r=rt 



'2{D-9)/D+2(z-l) 

0. 



. Thus there is a correlation between 11^ and the 



The equation of motion can be written 



dt 
dr 



(r/n) 



(D-e)/D 



We can get the expression At by integrating the equation as 



■n ; iD-zD-2e 
^ ' {2-z)D-e 



6D-3e-zD 



which is valid for 2 



S = -2m 

2D 

= m — 



2({2-z)D-e) ^ 

9/D > 0. Then the action becomes 



dr ^^^^ 



_ (^r/rty(.D-e)/D-2iz-i) 



2D 



l^^lB/Dz 



where 



2{2-z)D~e 
2{(2-z)D-e) 



P{2D 



6D-3e~zD 
2{{2-z)D-e) 



e/Dz 



{2-z)D 
2((2-z)D-6 



2JtiD r ( iP-z 

^ \ (2-2 



D-29) 



-z)D-6 



The propagator for this particular timelike path, with lit = 0, is 



G{At) ~ exp 



D 

J 



exp 



-2m ^ |At|^/^^ 
9 



(2.49) 



(2.50) 



(2.51) 



(2.52) 



(2.53) 



in the regime m is very similar to the Lifshitz case [8] with the 

same power law on |At| . 



2.2.4 General case 

With the detailed analysis on spacelike and timelike geodesic motions, we try to tackle the 
general case in this section. It turns out that the situation is similar to the timelike case, 
and we manage to evaluate some particular cases, thanks to the special ^ direction present 
to the Schodinger type metric. 
We consider the action 

S = -m j drr-(^-^)/^Y^-/3r-2{--i)i2 _ + 1 + , (2.54) 
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where we have set A = r. There are three constants of motion IlijIIt and 11^, which can be 
solved to give the equations of motion as 



dx 




-n, 








dr 


^2n,n^ - - 




-i)n2 + r- 


-2(D- 


-e)/D 


dt 












dr ^ 


^2U,u^ - - 


/3r-2(^- 


-i)n| + r- 


-2{D- 


-e)/D 


dC _ 




- Ui:/3r- 


-2(z-l) 






dr 


72n,n^ - n? - 




-i)n2 + r- 


-2(D- 


^e)/D 



(2.55) 



Also, using the fact that at the turning point dr/dx\r=rt — ^idr / dt\j.=rt = 0) we can derive 
a relationship between r^, Ilj, lit and H^, 

21itli^ - - Prf^'-'^iq + r7'(^-'')/^ = . (2.56) 

Plugging this into the geodesic equations, we get 



dx 














-n, 










dr ^ 






-1) 


(1- 


{r/rtY^^ 


-1) 


)n2 + r-2(^- 


-e)/D 


[1- 


(r/n)2(^- 




dt 
























dr ^ 


J-Pr- 


'2{z- 




;i- 


{r /rtY^^~ 


-1) 


)n2 + r-^{D- 




1- 


(r/rt)2(^- 




di _ 














n^/3r-2(^-i) 










dr 




-2{z- 


-1) 


;i- 


(r/r,)2(- 


-1) 


)n2 + r-2(^- 




1 - 


(r/rt)2(^- 





(2.57) 



and an expression for the total geodesic distance 

r -2{D-9)/D 

S =-m dr = . (2.58) 

J j2UtU^ - n2 - /?r-2(^-i)n2 + r-^(D-e)/D 

as a function of the conserved quantities Ilj, lit and 11^, or in terms of the turning point and 
one of these conserved quantities. Note that this equation for the general case is slightly 
more difficult than the timelike geodesic case. Thus let us analyze further for some special 
cases. 



• For ^ 1, the equations (2.57) reduce to 

dxj „ [r/rt) D Ax,- „ ^ 2--^ \2{D-e), 

^ n,rt - ' , ^ ^ n,v^r, ^ ^ ^ , 2.59 

dr L , I \90^ 2 r ( ^ 



y^r^'(r/r^)2V 



2{D-e) 



^-^ 2D-e 

dt „ ^ (r/rt)~ \At\ _ ^ 2-^ I 2(d-6I) , 

dr A / / \2^D^ 2 r ( _D_ 

1 _ [r/rtY D i I 2(D3e) 
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and the action 



2D 



S ^ m—-e^^^ — m 



2D 



C0 



9/D 



ce 



2D- 



2{D-e) 



D 



2{D-e) 



{2.61] 



To get the expression for rt in terms of rt(|Axi|, |At|) and n^, we analyze the constraint 



equation 211411^ — Ul + r^ 

\At\ 



'2{D~e)/D 



in the following form 



I Ax,: I 



-rt +rt 



2+2^ 



0, 



(2.62) 



where we leave lit undetermined because it is related to the motion along ^. There are two 



cases we can consider. When the first term of (2.62) is negligible, is proportional to |Ax| 
and we already analyzed this static case. 



When |Axj|, |At| ^ 1, the last term in (2.62) is negligible and this case is more interesting. 
Then rt is given by 



1 |Ax.p\^/(^^-^^ 
2celit 2|At| ) 
which brings the action in the following form 

2D 2D ( 1 |Ax,| 

b ^ m—-e' — m—-cg - — — — — - 

e e yAceiit \At\ 

Thus, the propagator for this particular timelike path is given by 



2N 9/{2D-e) 



G{At,Axi) ~ exp 



2D 

m—e 



e/D 



exp 



2D 

-m——Cg 



( 



1 


|Ax,|2 


^cellt 


2|At| 



2N 9/{2D-e)- 



(2.63) 



(2.64) 



(2.65) 



This propagator is similar to the non-relativistic Schrodinger propagator modified by the 



9 dependent power. Thus the propagator behaves as G ~ exp 



2|Ai| ) 



. It is 



interesting to have this form in the semiclassical regime. This would be the generic behavior 
if lit and Ilj have the same rt dependence and the last term in (2.62) can be ignored. 

• For ^ 1, one has a timelike case. As mentioned above, the propagator can be 
worked out with Euclidean time by replacing iy/]3 by a//?'. The equations for Xi,t are 



dxi 
dr 



dt 
dr 



-n,/ng 



^_/3r-2{--i)(l - (r/rt)2(--i)) 



y^_^r-2(^-l)(l _ (^/^^)2(.-l)) 



\Axi 



\At\ 



r 



2(^-1) 



2(^-1) 



(2.66) 



(2.67) 



From these equations we conclude \Axi\ ~ and rt is determined only by |At| for 11^ ^ 1. 
Thus the action and propagator reduce to those of the timelike geodesic case considered in 
(|2l6l). 
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2.3 Holographic energy-momentum tensor 



In holographic approach, background metric is a basic ingredient and corresponds to the 
energy-momentum tensor of the dual field theory. Thus we would like to see the effect of 
9 on the expectation value of the energy-momentum tensor. Lifshitz case is analyzed in j8j 
and observed that the hyperscaling violation shifts the conformal weight of the operator. In 
this section, we also observe similar effects. 

As mentioned in the introduction, we adapt the effective holographic approach (EHT) [5] [H] 



and thus consider the metric (1.4) with a radial cutoff at the hypersurface r = Vc- For the 
detailed computation, we follow the Brown- York procedure [38] [39] at the hypersurface'^ 



Usually, it requires to add counter terms to remove diverging pieces for Tc — )■ 0. We do not 



include the counter terms because our metric (1.4) is valid only upto r = [Sj- 



To define appropriate projection on the hypersurface, we need a normal vector for the 
surface, for which we take n = gW^dr. The induced metric on the hypersurface is given by 
Ifiu = gfiu — nf^n^, where /i, z/ = t, ^, i, r. The extrinsic curvature and corresponding quasilocal 
stress tensor are 

= -f^YbK^, , K^, = -n,,^ , (2.68) 
Tab = Kab-labK"^ , a,b,c = t,^,i. (2.69) 

Following the proposal in [8J , we use the prescription to identify the energy- momentum tensor 
at the hypersurface r = as 

V^h^'{T,b) = V^r^T^b , (2.70) 
where h is the metric of the dual field theory, hab is equivalent to ■jab upto a conformal factor, 

, 2-2e/D 
hab = Tc 'Jab- 

At the hypersurface r = r^, the induced metric has the form 

^abdx'^dx'' = r;2+2^'/^5 [ -/3r;2(--i)rft2 _ 2dtd^ + dxl\ . (2.71) 



1=1 



Using (2.70), we get 



\^«/ - ^d+2-id+l)e/D '^00 , (^) 

(T\-(T\- {d+l){l-eiD) 
{ItO - {ht} ^d+2-(d+i)e/D ' 

(T..) = -^^^±M^^/... (2 74) 

^Brown-York procedure is used for the rigorous calculation of the boundary energy-momentum tensor in 
the context AdS in light-cone in |32j . There the effect of the off-diagonal metric component was analyzed to 
correctly reproduce the total energy and conserved charge by applying 08\ to the AdS in light-cone. 
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From these expressions, we observe that the hyperscahng violation has the effect of modifying 
the one point function of the energy-momentum tensor. The shift is proportional to 9 and 
reduces io 9 ioi D = d + 1. Similar results are also observed in correlation functions in ^ 



3 Correlation functions 



In {2.2, some basic properties of the propagator are studied in the semiclassical approxima- 



tion. In this section, we study beyond the approximation using the bulk probe scalar in the 



background (1.4). In [8], correlation functions are studied in detail for the Lifshitz space 
with hyperscahng violation. There it is reported that the scaling dimension of the scalar 
operator is changed by 9. In particular, it is shifted by the hyperscahng violation exponent 
for the massless case m = 0. 

The action for the scalar field is 

S = -l [ d'^^^x ^ {g^''d^<t>d,<t> + ^'0') • (3.1) 



2 _ 

We consider the correlation functions for general z and 6' = first, which is important on its 
own. Then we consider 9^0 cases. Several different correlators for differnet vales of z, 9 are 
considered. We generalize the results, which is summarized here (see also the introduction). 
The correlation functions for the Schrodinger type theories have the following form 

which is the exact form of the inverse Fourier transform to coordinate space from the following 
form in the momentum space 

A+-A_ 

G{u, k, M) ~ {k"^ - 2Muj + l3M^ + m"^^ ' , (3.3) 



where A+,A_ are two scaling dimensions associated with the scalar operator O. The ex- 
ponential structure e ^rstr respects the underlying symmetry, and the missing dimension 
between x and t are absorbed by dimensionful parameter M for general z. The power law 
behavior | At|'^+^'^+^^/^ is in general depends on the hyperscahng violation exponent 9. 



3.1 Equation of motion 



The equation of motion for a scalar field with mass m in the background (1.4) is given (in 
the momentum space) as 



D r 



-dr -k'^ + 2Muj - 13 



M2 



m 



j.2{z-l) j,2(D-e)/D 







(3.4) 
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where k and u are Fourier transform of x and t, respectively. We treat the ^ direction 
special and replace = iM for the scalar field [3]. Note the last two terms in the equation 
of motion, which have similar structure and make analysis complicated. For zero temperature 
background, we are concerned for both the boundary behavior at r — and the behavior 
deep in the bulk at r — )■ cxd of the bulk field. For /3 = 0, things become simpler, and we have 
some comments in ^ 

Let us consider the behavior of at the boundary for a small r. For the parameter range 
z > 2 or 6' < 0, at least one of the last two terms would have a dominant contribution in 



the equation of motion,^ While these ranges are allowed by the null energy condition and 
physically interesting, it is difficult to analyze. Thus we consider the range z < 2 and 6 > Op] 
At small r, all the terms except the first two are all sub dominant. Thus we can solve the 
equation of motion at leading order inr as0 ~ r'^, v = Oorz/ = d + 2 — {d+l)6/D. Following 
the prescription for the correlation functions |10] , we impose the regularity condition deep in 
the bulk, r = oo. The full solution in momentum space has the following expansion around 
r = [8] 

= 1 + . . . + Gfe r^+^-i^+mo (1 + . . . ) , (3.5) 

where ■ ■ ■ refers to the higher order terms in r. Due to the normalization, the leading source 
term being normalized to unity, we read off the momentum space correlation function as 
Gk = G{k,u, M,9, D,d). We use k"^ = — 2Mu, which is an important combination for 
the Schrodinger solution in momentum space. 

We also note that, if M = 0, the equation of motion is the same as the special case of 
scalar equation of motion in Lifshitz background, namely, a; = there [5]. 



3.2 Schrodinger type for general z and ^ = 

In this section we consider correlation functions of the Schrodinger-type theories without 
hyperscaling violation for its own purposes and for the comparison with the hyperscaling 
violation cases. The equation of motion reduces to 

[9r-—dr-k'-^^-^)<P = 0, (3.6) 

^'^One particular example is the dimensional reduction of D2 brane [H], which has z — 1 and 6 ~ —1/3. 
This was noticed in [8]. We thank to Gobi Sonnenschein and Carlos Hoyos for extensive discussions on 
dimensional reduction and related issues for D2 brane. 

^^Note the similar range z > and 6* > for the Lifshitz case [S]. The differences come from the fact 
5** = and g^^ ^ for the Schrodinger-type theories, while 17** for the Lifshitz theories. 
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Where k"^ = k"^ — 2Mu. Note that, in this case, the term proportional to contribute as 
the same order as the derivative parts, and thus to the scahng dimension of the dual scalar 
operator. The large limit is corresponding to the large scaling dimension limit. 

There are several cases of interest, especially the cases z = d + 1 and z = d + 2 for the 
application of the Fermi surface and novel phases as we see in ^ but these cases require 
numerical analysis and will not be considered here. We would like to review the results for 
z = 2 and consider other cases which can be solved exactly. 



3.2.1 Conformal Schrddinger for z = 2 

This is the most studied case and the system has conformal Schrodinger symmetry [3]. The 
analytic results for the correlation functions are available for this case. The last two terms in 
(3.6) have the same r dependence. The mass term becomes one of the leading contributions. 



andA = ^^±z/=^±y + (/3M2 + nfi). The solution that satisfies the proper 

boundary condition at r = oo is 

= {krf^''l''K,{kr) . (3.7) 



Note that we have normalized the solution at the boundary according to (3.5), and thus we 
find the momentum space correlation function as 

Gik) ~ , (3.8) 



by expanding the modified Bessel function and read off the coefficient as in (3.5). Fourier 
transforming back to position space, we find the two-point function to be 



Here and below x' = {t', x') and x = (t, x), At = t' — t, Ax = x' — x and O is an operator 
dual to the massive 6 in the bulk. 



3.2.2 



For z = 1, the scaling dimension of the scalar operator is given by A = ± y (^|^) + 



The solution for the scalar equation of motion has the same form as (|3.7|) with some mod- 
ification for u = 
to 



(^2^)^ + m^. The momentum space correlation function is proportional 



(3.10) 
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where we omit the momentum independent factors. This specific form can be exactly Fourier 
transformed back to the coordinate space to find 

{0{x')0{x)) ^e-^^-^l^*l . (3.11) 

Thus we observe that the mass contribute to the correlation functions through the scaling 
dimensions of the scalar operator, while the contribution /3M^ from the term proportional 



to (3 in (3.4) enters in the exponent multiplied by \At\. 



3.2.3 ^ = 3/2 

For z = 3/2, we can solve the differential equation (3.6) exactly 

0(r) ~ e-^V^+s+^^t/ (1/2 + M^(3/{2k) + z/, 1 + 2i/, 2kr) , (3.12) 

where U represent the confluent Hypergeometric function and v = \J (^^)^ + rn^- By 



properly normalize the wave function similar to (3.5), we can get the momentum space 
correlation function 

,, r(l/2 + M^/3/(2A:) + z.) 

^^^^^^ r(i/2 + MW(2fc)-.)' (^-^^^ 

where we only keep the energy and momentum dependent part. In this case, the Gamma 
functions are also k dependent in addition to k"^^ . If M'^/3/{2k) ^ 1, the F functions are 
independent of k. Thus, we can Fourier transform back to coordinate space, and get the 



similar result as (3.9) with modified scaling dimension A = + u = + y (^^) + m'^- 



3.3 With hyperscaling violation, 6* 7^ 

In this section we consider the case with hyperscaling violation and to evaluate correlation 



functions satisfying the differential equation (3.4). We would like to see the effects of the 
hyperscaling violation exponent. 

3.3.1 = case 

The equation of motion in momentum space is 

This is the case we can see the effect of the hyperscaling violation clearly. 
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For z = 1, the solution is given by Bessel function with exphcit dependence of 6. This 
is similar to the massless case considered in [8j. Following the prescription described above, 
we get an exact result 

\ 2 2D J 

upto some numerical factor independent of momentum. This function can be exactly evalu- 
ated to give the position space correlation function as 

{0{x')0{x)) = I ^^.^e^'-'^'e-^' {k' + K^^^-^) 



\d+2- 2D 



(3.16) 



where At = t' — t, Ax = x' — x and 



(d+i)e 

2D 



(3.17) 



Thus we observe two effects. First, the scaling dimension A^^o = c? + 2 of the scalar operator 
is shifted to A = Aq=q — i^^y^ due to the hyperscaling violation exponent 9. This is similar 
to the result reported in [8j. Second, the exponent is modified by the time difference factor 

expf-2^|AtA , (3.18) 



which stems from to the modification k"^ — )■ /c^ + /3M^. This exponential factor is also present 
for 9 = z = 1 case. It is rather surprising to find this modification. This is an exact result. 

At short distance, the two point function is dominated by the large k behavior as G{k) ~ 
fcv o /, and the inverse Fourier transform gives 

{0{x')0{x)) -^i^e^^^ . (3.19) 

Here we can see the effect of the hyperscaling violation. Let us consider the case w = 0, 
which corresponds to correlation function for the spacelike separated case with G{k) ~ 
{]? + /3M^)*^^+"'^*^-'^+^)^/'^)/^. We use saddle point approximation to evaluate this, and we get 

(C(f )C(f)) ~ e^^^'^l^^l , (3.20) 

which is valid for a/9M|Ax| ^ 1. For A; = 0, which is timelike separated case, G{k) ~ 
(— 2Ma; + /3M^)*^^+'^^*^-'^+'^)^/^)/^. Then again using the saddle point approximation, we get 

(C(t)C(t')) ~ e'''-^\^'\ . (3.21) 
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These results do not have the corresponding semiclassical counter part analyzed in [ 2.2 
For z = 2, we have 



D r r 



di - ^ '-dr - r - = 0. (3.22) 



This equation can be solved explicitly, and the solution is given by Bessel function with 
explicit dependence of 9. In this case we have the conformal dimension of the scalar field as 



2 2D \j\ 2 2D J ' ^ ' 

Here we also observe the modification of the scaling dimension compared to that of the 6* = 
case. 

Following the prescription mentioned above, we get 



^ 2-^.-^ ^ . (3.24) 
Thus the position space correlation function is 

(O(x')O(x)) ~ = . (3.25) 

Thus we observe that the naive conformal dimension A is also modified for the correlation 
function. 

3.3.2 9 = D case 



This case is particularly simple and the equation (3.4) only depends on z and d. 

For 2; = 1, we can evaluate the correlation function explicitly. The equation of motion 
has the form 

{dl - /c^ - /3M^ - m^) = . (3.26) 

Where k"^ = k"^ — 2Muj. The solution has exponential form as e±^A^+/^*^^+^^. Boundary 
condition picks up the negative sign and the solution, with correct normalization, is 

= e-V^'+^*^'+'"' ^ . (3.27) 



The radial expansion factor d + 2 — {d+ ^)9/D in (3.5) becomes unity for 9 = D. Thus two 
point function in momentum space is 



G{k) = v^A;2 + /3M2 + , (3.28) 
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which can be Fourier transform back to position space as 

{0{x')0{x)) = ^^e^*^^-^^^l^*l . (3.29) 

|At| 2 

Similar to the previous case, we can consider some special cases. At short distance, the 
two point function is dominated by the large k behavior as G{k) ^ k = — 2Mijj, whose 
inverse Fourier transform gives 



re 



{0{x')0{x)) ~ — -^e^^^ W . (3.30) 



For Mcj, <^ m^, A;^, we can use the saddle point approximation to get 

{0{x')0{x)) ~ e"'"!^^! . (3.31^ 



This case reduces to (2.23) for D = 9. For <^ and k = which is timelike separated 
case, we get 

{0{t')0{t)) ~ e-'^l^*l . (3.32) 

These result agrees with the equation ( |2.44[ ) with some modifications due to the presence of 
M here. 



3.3.3 z = 3/2,6 = D/2 case 

The differential equation has the form 



d^. - -^dr -k^- U = . (3.33) 



2r r 
In this case analytic solution is available with proper normalization as 

r + ^^^^^) (2A:r)3/2+^/^ rrf^ + d m^ + M^ 5 + d \ 

By expanding this solution to r^'^+'^^Z^, we can read off the two point correlation function at 
momentum space as 

(2A:r)^r(-^)r(i5fS+(^^^^) 
G(k) = J ^ r ^ . (3.35) 

r(¥)r(-¥ + ^) 

Thus for (m^ + l3M'^)/k ^ 1, the momentum two point function has momentum dependence 
as G{k) ~ k^ . Back to the position space correlation function, we get 



{0(.')0{.)) ~ -^e^"'^ . (3.36) 



Thus we check again that the scaling dimension of the scalar operator is shifted by 
according to the correlation function. 



(d+i)e 

2D 
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3.3.4 



D d+1 



Here we would like to consider the case, = ^^qij^, where the logarithmic violation of the 
area law is observed in ^ 4.4.1 In this case the equation of motion does not explicitly depend 
on D 

d'r - -dr -k-- - ^^^) = 0, (3.37) 

where k"^ = P - 2Muj. 

If we consider m = case, the equation only depends on z. For z = 2, the solution reads 

(f) = {krY^+'y^K^{kr) , (3.38) 

where 

A = i±i±.= i±i±^(i±II!±M!. (3.39) 

2 2 2 ^ ^ 

With appropriate normalization, we find the momentum space correlation function as 

G{k) = 2'^T{-u)/r{u) . (3.40) 

Fourier transforming back to {d+ l)-dimensional position space, we find the two-point func- 
tion to be 

\L^[X)U[X)f ^i.+d/2+(-l)d^2l+'^r(z/) |At|^+('^-^+l)/2 ■ ^ ^ ^ 

Thus we explicitly check that the scaling dimension of the operator is shifted by —^^0 
including the change in i/, and the correlation function reduces to (3.9) for z = which 
provides a consistent check. This is similar to Lifshitz case [8j|, but the magnitude of the 
shift is reduced by {d + 1)6/ 2D. 

Let us briefly mention z = 3/2 case. The solution of the scalar equation is given by 

0-e-'=V^/^f/Q + ^, ^, 2kr^ , (3.42) 
and the momentum space correlator is 



Thus, if the momentum dependent part in the Gamma functions can be neglected, <^ 1, 
one gets 

lO{x')Oix)) e^^W = e^^W (3 44) 
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Here A = 2; + 1. Again the scaling dimension is shifted hj {d — z + l)/2. This happens 
because the scahng dimension is independent of the spacetime dimensions, while Fourier 
transform has appropriate contributions from them. 

For 2; = 1, we encounter a solution 

(j) ~ rKi{^/k^ + /3M^r) , (3.45) 

and the momentum space correlator is 

G{k) ~ {k^ + PM^)/4 log {{k^ + PM^)/4) . (3.46) 

For M = 0, which correspond for the large momentum, G{k) ~ k"^ log /e^. The position space 
correlation function is given by G{Ax) ~ l/|Axp. 

There is another case we can evaluate : d = 3, z = 2 and nonvanishing m. Equation is 

d', --dr-e-P^-—]<l) = 0, (3.47) 



whose solution gives 



~ y- f k^' , (3.48) 

where v = a/9/4 + jiM'^. For large momentum limit, we get 

Thus we also get z/ + (d + 2)/2 = A + (c? — l)/2, and the scaling dimension is shifted by 
{d — z + 1) /2 compared to 6* = case. 



3.3.5 ^ 



_ d+2-z 
D d+l 



For = the entanglement entropy is proportional to the volume and the area law is 



extensively violated as discussed in §4.4. 1[ In this case,l the equation of motion does not 
explicitly depend on D 

- —dr -k'- P^^, - J = 0. (3.50) 

where k"^ = P - 2Muj. 

If we consider m = case, the equation only depends on z. For z = 2, the solution reads 

= {kry/^K^{kr) , (3.51) 
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where 

A= -±u= -± . 3.52 

2 2 2 ^ ^ 

With appropriate normahzation, we find the momentum space correlation function as 

G{k) = 2-^^T{-u)/T{u) k^" , (3.53) 

Fourier transforming back to {d+ 1) -dimensional position space, we find the two-point func- 
tion to be 



2 



{0{x')0{x)) = , ..,.:,._L.V2 ^ ^ • (3-54) 



Thus we check that the scaling dimension of the operator is shifted by compared to 

Let us briefiy mention 2; = 3/2 case. The solution of the scalar equation is given by 

<l>-e-'W'^'u(^l + ^, I, 2kr^ , (3.55) 
and the momentum space correlator is 

G{k) ~ ^ . (3.56) 

\^ 4 ^ 2fc y 

Thus, if the Gamma functions can be neglected when ^ 1, one gets 

Again A = z, and the scaling dimension is shifted by ^^^|±? = ^^9. This happens be- 
cause the scaling dimension depends only on z, but the Fourier transform has appropriate 
contributions from the number of spatial dimensions. 

3.4 A scaling argument for z < 2 and ^ > 

In general, the scalar equation of motion is difficult to solve analytically, yet we can try to 
guess some general results based on the discussions in this section. 

In the range of the parameters z < 2 and > 0, the last two terms in the differential 



equation (3.4) 



(d + l)(D - 9) ^ ^ . ^ ^ 
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do not contribute to the scaling dimension of the dual scalar operators. Thus the naive 



scaling dimension is shifted toA = d + 2 — {d+ 1)6 /D. The equation (3.4) is invariant under 
the Galilean boost, and the unique combination for energy and momenta k"^ = k"^ — 2Muj is 
maintained. Moreover, there is a scaling symmetry in the equation 



Ar, k^k/X, M ^ MX 



z-2 



m 



m 



(3.59) 



under which the coefficient function G{k) should transform as 

G{k; M; m) = A^ G{k/X; MX'-^; mjX^I^) . 



(3.60) 



For z < 2 and 6 > 0, the momentum space correlation function has the general form 



G{k) ~ k^ ■ F{M/k 



2-z 



m 



(3.61) 



When M/k"^ ^, m/k^^^ ^ 1, F is independent of fc, and thus we can Fourier transform back 
to the coordinate space to find 



(C(x')C(x)) 



|/^^|A+(d+l)0/(2D) 



(3.62) 



This agrees with several different cases we consider, for example, (3. 19) (3.25 (3.57). 

For the special CclSGS, Z — \ oi 6 = one of the last two terms in (|3.4l) lose radial 



dependence and k has some extra contributions. This changes the exponential part of the 
position space correlation function. Let us consider z = 1 and 6 = D. Then the coefficient 
function G{k) should transform as the following form and specifically this reduces to a simple 
function due to A = 1. Thus 



G{k; M- m) = X^ G{k/X; M/X; m/X) 
whose position space correlation function is 



— )■ 



(3.63) 



(3.64) 



For z = 2 OT 9 = 0, the last two terms in (3.4) contribute to the scaling dimension of the 



corresponding scalar operator. This case is well known conformal Schrodinger case. 

Let us conclude this section with some general observations. For positive 6, the last 



term with mass in (3.4) becomes unimportant at short distances. Thus the UV behavior 
of the massive two-point function reduces to the case = analyzed in ^3.3, which has 
several distinct results due to the presence of the term proportional to and is described 



in (3. 16) (3.25). The long-distance behavior of the massive two-point function is given by the 



semiclassical approximation in ^2.2 
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It will be interesting to investigate the cases with 9 being negative. At short distances, 
the mass term becomes important and there are further technical difficulties to analyze the 
system properly without referring to the UV theory, which is expected to take over at the 
energy scale corresponding to r = Tc. We have similar technical difficulties even for = 
when z > 2. In this case, at UV, the term proportional to dominates over the other 
terms. It will be interesting to see progress for these cases. 



4 Entanglement Entropy 

In this section, we would like to consider the entanglement entropy in the context of holo- 
graphic application searching for Fermi surfaces. In f6], working definition for the system 
with Fermi surfaces was proposed as "the systems with Fermi surface has the logarithmic 
violation of the area law in their entanglement entropy, " based on several field theory calcu- 
lations on the theories with fermions [2S]- Lifshitz theories with general dynamical exponent 
and hyperscaling violation exponent were analyzed with null energy condition in [n][7][5]. In 
particular, explicit holographic example is available in [9]. In the context of Lifshitz the- 
ories, the logarithmic violation of the area law only exists with hyperscaling violation. In 
this section, we observe that the Schrodinger type theories exhibit much richer properties. 
Surprisingly, logarithmic violation of the area law of the entanglement entropy can be also 
found without hyperscaling violation. 

In [8], the Lifshitz-type theories with hyperscaling violation is studied more generally, 
and the authors found a range of the exponent 6', which violates the area law, interpolating 
between the logarithmic violation and the volume dependence. In this section, we also 
observe similar properties on the Schrodinger-type theories with and without hyperscaling 
violation. 



4.1 Setup, static and stationary cases 

From the beginning of the Schrodinger holography, it has been clear that the equivalence 
is formulated as codimension 2 correspondence : {d + l)-dimensional non-relativistic field 
theory is equivalent to {d + 3)-dimensional Schrodinger background. Thus it is not clear at 
all that we can uniquely give a prescription for the entanglement entropy for this type of 



theories, In this section, we would like to make an attempt for clarifying this issue. 



We give careful attentions on the ^ coordinate when we evaluate the minimal surface. ^ 



^^We are grateful to Mukund Rangamani for his valuable comments and discussions on this issue. In 
particular, he gave critical comments that there exists a unique answer for the minimal surface in the 
context of a rotating black hole y[2j regardless of static or stationary conditions. 
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coordinate has a special role in Schrodinger holography and we are supposed to consider a 
specific sector [3] [32]. Let us consider the case when the ^ coordinate has finite range, L^. 
It becomes clear that this subsector provides nothing but the (2 — z) dimensional 'length 
scale' (or 'mass scale' depending on z) = J associated with the ^ direction, which can 
be identified as = where is associated a 'mass scale' associated with the 'length 
scale' L^. This is intrinsic from the dual field theory point of view, and we consider this as 
defining property in the gravity picture. Thus we integrate over the entire ^ coordinate and 
treat this as special property when we evaluate the minimal surface. To describe the dual 
field theory, we rewrite the metric as 



_ 2A(r) 



i=i J 



from which it is clear that the physical length along the ^ direction should be measured by 
gA(r)-B(r)^^ rather than d^. This is clear from the ADM form of the metric 



d 



dsl^, = e2^(^) -/3 (e^(^)cit + p-'e-^'^^^d^Y + r'e-^^'^^^de + rfr^ + ^ dx^, , (4.2) 



1=1 



and also give the correct physical dimension to the resulting entanglement entropy. This 
prescription gives the same answer for both the static and stationary cases, which are demon- 
strated explicitly below. See also similar results for the time dependent setup in 



Static case 

For the static case, one choose |At| = 0, and thus effectively the cross term in the metric 
does not contribute to the area. But we still need the integration along the ^ direction. 
From the above explanation, it is clear that the integration should be done for the measure 
gA(r)-B(r)^^_ This is clearly different from [8]. 

To compute the entanglement entropy, we consider a strip with ^ direction 

0<^<Lg, -l<xi<l, 0<Xi<L, i = 2,--- ,d (4.3) 

in the limit / ^ L, L^. The strip is located at r = e, and the profile of the surface in the 
bulk is given by r = r{xi). Thus the area is given by 



n 



A = L^-'L^ I rfre("+i)^W-^W^/l + ('^V , (4.4) 







where we use xi = xi(r) and dr/dxi\rt = 0. To signify the physical picture of the dual field 
theory, we identify the relation = 1/M^ and use both notations. 



34 



To obtain the entanglement entropy we extremize A and evaluate it on the dominant 
trajectory. 



n g-(d+l){A{r)-A(rt))+(S(r)-S(rt)) 



/ = / dr ^^^^^^^^^=^^^^^^^^^= (A 5) 

/o y/l - e-2(d+l)(A(r)-A(n))+2(B(r)-B(n)) ' ^ ' ^ 



and the area is given by 



r-n (d+l)A(r)~B{r) 

A = L''-^Li:l dr r^'^^= (4.6) 



Thus the entanglement entropy for a strip in the stationary case of the general metric (2.7) 
is given by 

S = (4.7) 
4 

with Mpi the {d + 3)-dimensional Planck constant. 



Stationary case 



For the stationary case, we consider the ADM form of the metric (2.7) with the condition 

e^'^'Ut + p-^e-^^'^UC = . (4.8) 
Again, we compute the entanglement entropy for a strip times the direction ^ as 

0<^<L^, -l<xi<l, 0<Xi<L, i = 2,--- ,d (4.9) 
with the assumption, I <^ L, L^. Similarly, the expression for the surface is 



>l = L'^-iL^^''rfrr'/V'^+'^^M'''^'^yi+ (^^^ . (4.10) 
Thus we quickly realize that the entanglement entropy for the stationary case is the same as 



the static case. The result is given by the equations, (4.5), (4.6) and (4.7). 



4.2 General Entanglement regions 

While we perform the calculation of the entanglement entropy for the strip geometry, it can 
be shown to hold for more general surfaces. As we already see, static and stationary cases 
give the same answer. 

Let us consider a general surface 

Xd = (T{xi,^), i = !,■■■, d-1, (4.11) 
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at r = e, where the dual field theory lives. Then the surface that extremizes the area will be 

Xd = e, r) , S(x„ e, 0) = cr(x„ • (4.12) 

The puUback of the metric onto S has the induced metric 

dsl = e^^ ( [1 + [dr^f] dr"^ + 29,S(9iS drdxi + {5ij + SiSS^S) 

+ (/3-^e-2^('") + rfe' + 295S(9,Srfr + diT.dx')dO , (4.13) 

and the area reads 

A = j (f'^xdr dee^^^+'^^^^y (9^2)2 + /3-ie-2SM(l + (a,S)2 + {d.{LY) . (4.14) 
The equation of motion gives the conserved currents 

Jr 



^{d^-^Y + /3-ie-2^M(l + (a,E)2 + (9,S)2) 
v/(55S)2 + /3-ie-2^W(l + (a,S)2 + (5iS)2) 



^-lg(d+l)A(r)g-2B(r)^.5. 

~ v/(55S)2 + /3-ie-2^M(l + (5,S)2 + (a,S)2) ■ ^^'^^^ 

While these equations are expressed with equal footing for J^, Jj and J^, plays a special 
role. Thus we consider as an input parameter. One can express Jr and Ji in terms of 
as 

J, = Ji:p-\-^^^''^drT./d{E , J, = J^/3-^e-2^(")9,S/9^S . (4.16) 
These constants of motion enables us to solve the equations of motion 

as 



^g2(d+l)A(r) 


- j|-/3e2^W(j2 + J2) 




J,/3i/2e^(^') 


^g2(d+l)A(r) 


- J|-/3e2^M(J2 + J2) 






/g2(d+l)A(r) 


- J|-/3e2SM(J2 + J2) 



diT. = , ^ = . (4.17) 

L2{d+l)A{r) _ J2 _ y3e2B(r)(J2 + j2) 

The combined value of + Jl is determined in terms of the input and the turning point 



n as J2 + = /3-ie~2S('^') (g2(d+i)A(n) _ j2y r^^^^ ^^le area (|4l4| is given by 



g.(d+lM(r)^-l/2g-B(r) 



(4.18) 
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Where we used that the area function depends only on r, and thus the integrals over the 
spaces ^ and Xj can be trivially done to give A^^r^^. Note that the area is function of a constant 
of motion J^, which we don't expect to fix by the boundary condition. To extremize the area, 



we set = 0. Then the result is reduced to the strip geometry (4.6). This analysis signals 
that to extremize the minimal area, the surface S does not have explicit ^ dependence. Thus 
we show that the explicit calculation with strip geometry holds in more general setup. 

4.3 Entanglement entropy for general z and ^ = 

In this section we present the result of the entanglement entropy for the Schrodinger-type 
theories without hyperscaling violation, ^ = 0. As far as we are aware, the holographic 
calculation for the entanglement entropy for the Schrodinger-type theory was not explicitly 
done before due to the conceptual difficulties explained above. 



Both for the static and the stationary cases, we need e^^ = r "^^^ in the metric (1.4) 
in addition to the warp factor e^^ = R'^/r'^, where R is the curvature radius. Thus we have 

g-(d+l)A+_B ^ j^-{d+l)^d-z+2 



From (4.5) and (4.6), we get 



dr ' " = ^rt^y^ -ir , (4.19) 



2(d-z+2) 



and 



rt ^-d+z-2 

dr 



V^l - (r/n)2('i-^+2) 



(d-z + 1) \ e'^-^+i rf-'^^ r f L_ 

^ t i \2{d~z+2) 



(4.20) 



Thus the entanglement entropy for a strip in the general metric (1.4) is 



(w„,-v/i\-7i.\ ,(^r"'(^ii. (4.21) 



A{d-z + l) \ \e J Ve^^V 

where 




, , d-z+2 

d-z+3 



, . 2(d-z+2) , . , , 

Cz = ^ (4.22) 



1 



2(d-2+2) 

and with Mpi the ((i + 3)-dimensional Planck constant. This is the general expression for the 
entanglement entropy for the Schrodinger-type theories with general dynamical exponent z. 
Note that the dimensionless combinations of the terms related to L^. 
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It is interesting to see the case z = 2 explicitly. 



= ) (t) |. (4.23) 

This is a particularly interesting result. For 2; = 2, the theory is known to have codimension 
2 holographic equivalence. This formula manifestly reveals that the area law is actually hold 
for [d + l)-dimensional boundary theory. We use the notation = where ^ becomes 
dimensionless for z = 1. For 2; = 1 , one gets 

Thus the entanglement entropy for 2; = 1 is similar to that of the Lifshitz-like theories for 
d + 1 dimensions. 




J^..3.1 Novel phases with d+l<z<d + 2 

Furthermore, note that this case has far more interesting behavior in view of searching Fermi 
surface holographically. Even though the hyperscaling violation term is not present as we 
take 6' = 0, it is possible to have logarithmic violation of area law for z = ci + 1, which is 



surprising. This can be explicitly checked from equations (4.19) and (4.20). 

For z = d + 1, the area gives logarithmic dependence of / instead of the power law, and 
the entropy reads 

This shows a logarithmic violation of the area law even without hyperscaling violation and 
signals the presence of a Fermi surface in the dual field theory, according to [6J . This behavior 
is distinct from the that of the Lifshitz-type theories with only diagonal components in the 
metric. It will be interesting to study the properties of the Schrodinger background in detail 
for z = d + 1. 

For z = d + 2, the combined warp factor becomes e(°'+^)"^^^ = R^^^, and thus the area 



(4.6 ) turns into 



S,=ci+2 = 77^, — • (4.26) 



This entanglement entropy has an extensive contribution, proportional to the volume of the 
surface at r = e. This happens because the surface containing the entanglement region does 
not have any profile along the r direction, and thus the entropy is proportional to the volume 
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of the region. Those features are explained in [8j in the context of Lifshitz-type theories with 
hyperscahng violation. 

From these observations, we conclude that there exist new types of phases of matter for 



d+1 < z < d + 2 



(4.27) 



At z = d+1, the Schrodinger-type theories develop a logarithmic violation of area law, which 
signals the presence of Fermi surface, while the area law is extensively violated at z = d + 2. 



4.4 Entanglement entropy with hyperscaling violation 

In this section, we would like to generalize the discussion of Entanglement entropy for the case 
with hyperscaling violation, 6' 7^ 0. For this general case, we can identify e^"^ = 



-2{D-e)/D 



and e^^ = r-2(^-i) from the metric (|L4|. Thus we have e-('^+i)^+^ = r^d+i)(D-e)/D-z+i ^ 
where a = {d + l){D- e)/D -z + l. 



Following the similar steps, we can evaluate the expressions (4.5) and (4.6) 

(r/n)" 



dr — -= 
^/l 



nrt 



and 



where 



dr 



a 



d-z + 2 



{d + i)e 



ia-r 



7a-l 



Ce 



D ^ - \ r(^) 

The entanglement entropy for a strip in the general metric ( |1.4[ ) is 



S 



{RM, 



PI 




(d+i)e/D id-ij^^ 



(d+i)e/D id-ij^^ 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



4(a - 1) \\ReJ e'^-'+^ \ Re J 

where Re is a scale in which the hyperscaling violation becomes important. This result is 



the generalization of the entanglement entropy (4.21 ) by including the hyperscaling violation 
6^0. For 6 = 0, the result is reduced to (4.21). We observe further modification of the 



entropy by an additional power of (length) This effect comes from the fact that the 

metric has dimension 6/D and the entanglement entropy for the {d + l)-dimensional region 
would get the contribution. 
For 



2-z 



D 



J, the entanglement entropy (4.31) reduces to 



S 



{RM^ 



PI 



L 



d-l 



L 



d-l 



- Ce 



4(d-i) \R;-y \e^-^ " /^-i 

where the result shows clear law dependence. 



Ce 



(4.32) 
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Novel phases with 



d+l-z ^ B_ ^ d+2~z 



d+1 



D 



d+1 



Following the similar discussion in ^4.3.1, we consider some novel phases of the dual field 



theory with the hyperscaling violation. For = ^^^rj^, the minimal surface gives logarithmic 
dependence of /, and the entropy reads 



. d+i-z n 

" d+1 ^ 



1 ■ 2^ 
, loe; 



(4.33) 



This shows a logarithmic violation of the area law with hyperscaling violation, which signals 
the presence of a Fermi surface in the dual field theory, according to [6J . The expressions 



are the same as (4.25), as it is clear from the mathematical expressions. 



d = 2 



2 \4-, 6 



d-3 







\ \ 6 

■1 \ 



I 



-4 



Figure 2: The parameter ranges of (z, 0) for the novel phases are plotted for d = 2 and c? = 3. 
The plot assumes D = d + 1. The novel phases lie in the region between the black dashed 
lines. The blue background is allowed regions from the null energy condition. 



For 



D 



d+2-z (d+l)A~B 
d+1 ' ^ 



R'^'^^Rl ^ and thus the minimal surface area (4.6) becomes 



d+2-z p. 
' d+1 ^ 



PI 



(- 



d-l 



213^^ \Rf^^-'M. 



(4.34) 



This entanglement entropy has an extensive contribution, proportional to the volume of the 
surface at r = e. Thus in the following parameter range. 



d+l-z 9 rf+2- 
d+1 ^ D ^ d + 1 



(4.35) 
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the Schrodinger-type theories develop new violations of area law, and thus some novel phases, 
similar to the cases analyzed in §4.3.1 This parameter regions are plotted in figure |2} It is 
interesting to observe that for 6 = 0, the range of the parameters in (4.35) reproduce the 
previous result in (4.27). 



For z = 2 and D = d + 1, the range (4.35) reduces to 



d-1 <e <d 



(4.36) 



which reproduces the same range of the novel phases observed in [8]. 

It will be interesting to investigate the theories in the parameter ranges. We hope to 
report the properties of these theories soon. 



5 String theory realizations 



In this paper we took the effective holographic approach (EHT) by constructing our metric 
with appropriate symmetries, valid for certain range of energy scale. It will be important to 
have a direct construction of the Schrodinger metric with hyperscaling violation from string 
theory, which will provide the UV completion. In the literature, there already exist several 
papers constructing Schrodinger type metric [27] [28] for several values of z using null Melvin 
twist [2S]- See also [13] for the Schrodinger solutions with general dynamical exponent z. In 
[27], many different solutions and their finite temperature generalizations are constructed 
We concentrate on the zero temperature null Melvin twist of Dp brane solutions, whose 
dimensional reductions are expected to provide the Schrodinger metric with hyperscaling 
violation. 

The metric [27] is given by 

1 . _ . E+i 



U 



j-p 

2 



2A^ 



-dt' 



2dtdi + ^ dxl 



+ 



[du^ + u^dnl_p] 



(p-3)(7-p) 
4 



B 



[-d^ + A) A dt . 



(5.1) 



(5.2) 



where A can be eliminated by redefinition of t and ^. Note that p = d + 1 due to the fact 
that one of the spatial coordinates combined into ^ coordinate. We would like to compactify 
this theory on S"^"^ and show that it leads to hyperscaling violation. 

Dimensional reduction and going to Einstein frame give 



2(9-p) 



p-i 



-Pr'-'-pdt"^ - 2dtd^ + ^ rfx- + dr'^ 



i=l 



(5.3) 



^•^We thank to Yaron Oz for the discussions related to the non-relativistic branes. 
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where we used u = r^~p and /3 oc A . Thus the non-relativistic Dp brane solutions (|5.ip 
gives the Schrodinger type theories with hyperscahng violation with the identifications 

9 9 — p 7 — p 



D 



p{h-p) 



5 — p 



(5.4) 



where p = d + 1 in our notation. Thus this general solution is defined for p < 7, and null 



energy condition (2.11) is satisfied p < 8 covering the range. The hyperscahng violation 
exponent 6 is zero for p = 3, negative for p < A and positive for p > A. For p > 5, the 
dynamical exponent z is negative, and thus they might not be physically interesting. 



In this case, the scalar equation of motion (3.4) can be written 



- — —dr 

[b — p) r 



+ 2Mu - 13 



m 



^4/(5-p) ^2(9-p)/p(5-p) 



(5.5) 



For p < 5, one of the last two terms in (5.5) is dominant at the boundary except p = 3 



and it is not clear how to evaluate the full correlation functions. The case p = 3 {d = 2) 
corresponds to the well known conformal Schrodinger case. It will be interesting to find ways 
to construct correlation functions from this low energy point of view. 



Entanglement entropy can be evaluated using (4.31), and is given by 



S 



Dp 



PI 



4(a - 1) 




5-p 



5-p 



- ce 



I 

Rfj 



5-p 



(5.6) 



where a, ce are given in (4.31 ) with d = p — 1. For p = 3{d = 2), using (4.21 ), we get 



D3 



{KM, 



PI) 



4 M, 



C2 



C2 



(3/4) Y 



r(i/4) ; 



(5.7) 



which reveals area law of the entanglement entropy. 

From these discussions, it is clear that dimensional reduction of the non-relativistic Dp 
brane solutions [27] do not provide Schrodinger type theories with the logarithmic violation 
of the entanglement entropy, signaling a Fermi surface of the dual field thoery. There are 
other types of non-relativistic brane solutions listed in [27], which seem to be interesting for 
further investigations 
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^^Note that there are similar solutions, generated via Melvin twist in different directions [44 , which are 
expected to give Lifshitz type theories with hyperscahng violation upon dimensional reduction. It will be 
interesting to check whether these solutions have more interesting properties such as Fermi surfaces. See 
earlier entanglement entropy calculations in similar backgrounds in [45) . 
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6 Comments on P = case 



Until now we concentrated on /3 7^ case, which was considered in [5]. There exist another 
viable candidate for the geometric realization of the Schrodinger holography, called "AdS 
in light-cone frame" (ALCF) [4J for the case /3 = 0|^ In this section, we would like to 
survey the similarities and differences of the AdS in light-cone compared to the Schrodinger 
background studied until now. 
The metric is given by 



-2+29/D 



-2dtdi + ^ rfx • + dr' 



(6.1) 



1=1 



This metric with 6' = is simple and its finite temperature case is much more tractable than 
the case with /3 7^ 0. It turns out that holographic renormalization of this metric with = 
is no more difficult than the corresponding AdS metric, and thermodynamic and transport 
properties are analyzed rigorously in even — ?■ limit. 

Before starting detailed analysis, we would like to comment crucial differences of the 



metric (6.1) compared to (1.4) and Lifshitz metric. First of all, even though we consider 



general dynamical exponent 2;, the ALCF metric (6.1) does not show explicit dependance on 



z. Motivated by the discussions in ^ we rewrite the metric (6.1) as 



ds^ = r-2+2e/^ 



-2{r^-'dt){r'-^dE,) + ^dx^^+ dr' 



(6.2) 



1=1 



Even though this seems to be an arbitrary splitting of r dependence between the coordinate 
t and this is a unique splitting to make the combination r^~^dt and r^~^d^ to have the 
same dimension as Xi and r. It is well motivated for us to investigate various physical details 



of ALCF compared to those of the Schrodinger background in ADM form (2.7). Now explicit 
z dependence can be visualized. 

For = 0, the metric is invariant under the translations, rotations and Galilean boost. 



Furthermore, it is also invariant under the special conformal transformation (2.4) as well as 



the scaling transformation (2.2). Thus it has conformal Schrodinger symmetry for general 
z. For 6^0, the metric transforms covariantlv for as ds — t- X^^^ds and ds — (t^Y^^ ds 



under the scaling (2.2) and conformal transformation (2.4). 



See also [31] [32] for its finite temperature generalizations for z = 2 case, which has extra parameter b 
(mass dimension -1) to ensure correct dimensions for the t and ^ coordinates. It turns out that this theory 
has very interesting phenomenological magneto-transport properties, which show same universal features of 
very low temperature normal state of high Tc cuprates superconductors |T6j . 
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6.1 Basic properties 

We would like to do parallel analysis done in ^ 



Null energy condition 



The Ricci tensor and scalar curvature for the metric (6.1) are given by 
__ lD-e){D{d + 2)-{d+m 



^ _ ^^2e/D id + 2){9- D){D{d + 3) - (rf + 1)6) ^ ^^^^^ 

The scalar curvature is then IZ oc r~^^/-^, which becomes constant for ^ = as expected 
from the observation that the metric (6.1 ) is conformally equivalent to ALCF metric. Energy 
momentum tensor can be computed as T^,y = R^,j — ll2g^ylZ. 

To consider various physically sensible dual field theories, we would like to constrain the 
parameters using null energy condition 

T^uN'^N'' > , (6.5) 

where the null vectors satisfy N^N^j^ = 0. The two independent null vectors are 

N' = ^^, ^* = ^^ > N' = ^^, ^^ = 4!4' (6-6) 

where = or 7r/2. Seemingly there are two independent conditions, but one is trivial. 
Thus we have 

e{e~D)>Q ^ < or e>D. (6.7) 

Note that it is independent of z. This is a similar condition obtained in [8], where Lorentz 
invariant case z = 1 gives the same null energy condition. ALCF is directly derived from 
AdS metric and thus it is not surprising to have the same condition. Both ranges are realized 
in the string theory constructions for Lifshitz case [Sj. 



Holographic energy-momentum tensor 



Following the prescription given in (2.70), we calculate the holographic one-point function 
of the energy-momentum tensor for the metric (6.1 ). At the hypersurface r = Tc, the induced 
metric has the form 



(6.8) 



i=l 
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The result is 



id+l){l-9/D) 



d+2-(d+i)e/D ' 



h. 



d+2-(d+i)e/D ""'I 

I c 



(6.9) 
(6.10) 



From these expressions, we observe that the hyperscahng violation has the same effect of 
modifying the one-point function of the energy-momentum tensor compared to /3 7^ case. 
Note that there is no {Tu) component. The shift is proportional to 6 and reduces to 6 for 
D = d+l. 



6.2 Semiclassical propagators 



The action of the particle moving in the background (6.1) is described by 



S 



-m 



d\ 



+ 



dx 
dX 



(6.11) 



where A is the worldline coordinate. The notations are the same as in ^ The propagator 
between two points x and x' on a fixed radius r = e is Ge{x',x) ~ exp(S'(a;', x)). 



The action (6.11) has differences in time direction compared to (2.16). Thus the semi- 



classical propagator of the static case is the same as that of /3 7^ 0, and we get the total 



geodesic distance given in (2.21). The propagator is again given by (2.23). 



6.2.1 Timelike case 



The differences come from the timelike geodesies. For A = r and Axi = 0, the action (6.11) 



gives 



S = -mJdr r-(^-^)/^y^l-2i^ 



(6.12) 



Due to the conservations along t and C,, there are corresponding constants of motion 



n^ = r-(^-^)/^t/Jl-2ie 



(6.13) 



from which we get ^ = (11^/11^) i. Solving these two equations, we get the expressions for i 
and ^. 



(6.14) 
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Using the boundary condition for the t coordinate, dr/dt\r=rt = at the turning point, we 
fix one of the two constants as 



-r 



-2{D-e)/D 



(6.15) 



Using this we can rewrite (6.14) as 
dt ^ r r^D-e)iD 



dr 



v/1 - (r/rj)2(«-'?)/^ 



-p I 2D-e 
2-e/D ' \-i{D-e) 



D 



2{D-e) 



(6.16) 



And the action has the following form 



5* = —2m / dr 



n 



^-{D-e)/D 



v/1 - (r/rJ2(D-0)/D 



2D 



e/D 



9 



(6.17) 



This result is the same as the case evaluated in (2.42 ) and is given there. The corresponding 
propagator can be obtained by exponentiating this action. 



G{At) ~ exp 



2m^ e^/^ 
9 



exp 



D , , , 
-2m— |At|(2o-e) 

9 



(6.18) 



6.2.2 General case 



General case also can be evaluated by considering the action 

S=-m j dr r-'^^-^^'^ \J -2ii + I + ±1 



(6.19) 



with A = r. There are three constants of motion nj,!!^ and 11^, The integrated x,t,^ 
equations of motion define three conserved momenta: 



-iD-e)/D 



X 



-{D- 



■e)/D^ 



-(D-e)/Di 



-2ti + 1 + ±2 

which can be solved 

dx — Ilj 

^ ~ ^2YitYii. - n2 + r-^{D-e)/D 



-2ti + 1 + X 



dt 



^2 



-2ii + 1 + i;2 



(6.20) 



dr ^2ntli^ - n2 + r-^{D-e)/D 



(6.21) 



dr ^2Iitn^ - n2 + r-^{D-9)/D 

^ = 0,dr/dt\ 



Also, using the fact that at the turning point dr/dx 
a relationship between r^, Ilj, 11^ and 11^, 



2n,n^ -ui + r 



2 , ^-2{D-e)/D ^ Q 



j.=rt = 0, we can derive 
(6.22) 
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Plugging this into the geodesic equations, we get 
dx _ -Hi r^D-e)/D 
dr ~ _ {jlr^Y{D-e)/D 



^{D-e)/D 



di 



Yi j,{D-e)/D 



dr - (^r/rtyiD-e)/D dr _ (^/^J2(d-0)/d 

The first two equations can be integrated to give 



\Axi\ 



\At\ 



U^cer^ 



2-e/D 



2D-e 



D 



2{D-e) 



(6.23) 



The expression for the total geodesic distance 

^-{D-9)/D 



S 



m dr 



m 



2D 2D 

e ' — m^r- Cg r 



e/D 



(6.24) 



^1 _ (^/^j2(D-0)/D e e 

To get the expression for rt in terms of rt{\Axi\, |At|) and lit, we analyze the constraint 



equation (6.22) 



e/D 



\Axi 



.2 



-2+2e/D ^ ^2e/D ^ Q 



|AtL 

where we leave Ut undetermined because it is related to the motion along ^. 



(6.25) 



Instead of solving the equation (6.25) generally, we can consider three different cases for 



the (|6.25D. First, At = 0, n = \Axi\/{2cg), then we get 



G{Axi 



exp 



2D 

m—e 



e/D 



exp 



2D 

-m—ce 



\Axi\ 
2ce 



e/D 



(6.26) 



The result is very similar to the static case we considered in (2.23). 

—Iit\At\l Co, then we get 



Second, Axi = 0, 



e/D 



G{At) ~ exp 



2D 

m—e 



e/D 



exp 



2D 

-m — i-Ut)\At\ 



(6.27) 



To make sense of this for |At| ^ 1, we require —Ut > 0. 



Third, for |Aa;j|, |At| ^ 1, the last term in (6.25) is negligible, rt is given by 



n 



1 


|AXi|2 


2ceUt 


2|At| 



2N D/{2D-e) 



Thus, the propagator for this particular timelike path is given by 



G(At, Axi) ~ exp 



2D 



e/D 



exp 



2D 

-m—ce 



1 


\Ax,\^ 


4:cellt 


2\At\ 



2N 9/{2D-ey 



(6.28) 



(6.29) 



This propagator is similar to the non-relativistic Schrodinger propagator modified by the 



9 dependent power. Thus the propagator behaves as G ~ exp 



-m 



2\At\ ) 



It is 



interesting to have this form in the semiclassical regime. This is similar to (2.65). 
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6.3 Correlation functions 



In this section, we consider the correlation functions of the probe scalar similar to ^ The 



action of the scalar field is the same as (3.1), which is coupled to the metric (6.1). The 



equation of motion for a scalar field with mass m is given in the momentum space as 

^9 (d+l)(D -6) ^ m2 \ ^ ^ 

9r - ^ '-dr -k' + 2MUJ - ^:^(^^ j = 0, (6.30) 

where fc, u are Fourier transform of x, t, respectively. We treat the direction special and 



replace = iM for the scalar field [3j. Compared to (3.4), this equation is simpler. Note 
that this equation does not depend on the dynamical exponent and thus correlation 
functions do not depend on it explicitly. For the detailed analysis, only the last term in 
the equation needs care. For zero temperature background, we are concerned for both the 
boundary behavior at r — )■ and the behavior deep in the bulk at r — )■ oo of the bulk field. 

Let us consider the (f) at the boundary, r — )■ 0. For 6' > at small r, all the terms except 
the first two are subdominant. Thus we can solve the equation of motion at leading order 
in r as ~ r^, z/ = or z/ = + 2 — (rf + 1)9 /D. Following the prescription given around 



(3.5) in q3 we can read off the momentum space correlation function. 



6. 3. 1 Schrddinger type for general z with 6 = 

In this section we consider correlation functions of the Schrodinger-type theories without 
hyperscaling violation. The equation of motion reduces to 

d', - -e-'^^4> = 0, (6.31) 

Where k"^ = k"^ — 2Mu. Note that, in this case, the term proportional to contribute as 
the same order as the derivative parts, and thus to the scaling dimension of the dual scalar 
operator. The large limit is corresponding to the large scaling dimension limit. 

There are several cases of interest, especially the cases z = d + 1 and z = d + 2 for the 



application of the Fermi surface and novel phases as we see in |:6.4 For the analysis of the 



correlation functions for ALCF, these cases are no different from other values of z. 



The conformal dimension of the scalar operator is A = ± z/ = ± y {^^) + 
The solution that satisfies the proper boundary condition at r = oo is 

(f) = {krf+^I^K^{kr) . (6.32) 



Note that we have normalized the solution at the boundary according to (3.5), and thus we 



find the momentum space correlation function as G{k) ~ A;^*^, by expanding the modified 
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Bessel function. Fourier transforming back to position space, we find the two-point function 
to be 

{0{x')0{x)) ~ ^e^^'tS , (6.33) 
where O is an operator dual to the massive in the bulk. This result is valid for all z. 

6.3.2 With hyperscaling violation, 6^0 

In this section we would like to consider the case with hyperscaling violation and to evaluate 



correlation functions satisfying the differential equation (6.30). 



For iv? = case 

The equation of motion in momentum space is 

- -p + 2Mu] ^ = 0. (6.34) 

D r J 

This is the case we can see the effect of the hyperscaling violation clearly. The scaling 
dimension Ag^o = d + 2 of the scalar operator is shifted to A = Ae=o ~ due to the 

hyperscaling violation exponent 6. The solution is given by Bessel function with explicit 
dependence of 9. Following the prescription described above, we get an exact result 

G{k) = c^ky^+'^ — T^) , Cm = 2-2-^+^^^^ ^ , 6.35 

\ 2 2D 

upto some numerical factor independent of momentum. This function can be exactly evalu- 
ated to give the position space correlation function as 

{0{x')0{x)) ~ .. ll^^^ e""'^ . (6.36) 



I At 



Thus we observe the effect of the hyperscaling violation exponent 6. 
For 6 = D case 

This case is particularly simple. The equation of motion has the form 

- A;2 - m^) = . (6.37) 



Where k"^ = k'^ — 2Mu. The solution has exponential form as e^^*^^"^™^^. Boundary condition 
picks up the negative sign and the solution, with a correct normalization, is 
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The combination d + 2 — {d+ / D = 1 loi 9 = D. Thus two point function in momentum 
space is 

G{k) = Vk^ + m? , (6.39) 
which can be Fourier transform back to position space as 

(C(x')C(x)) = — L_e''''^-*^l'^*l . (6.40) 

|At| 2 

Let us consider some special cases. At short distance, the two point function is dominated 
by the large k behavior as G{k) k = — 2Mu, whose inverse Fourier transform gives 

{0{x')0{x)) ~ ^^e^^^^ . (6.41) 

\At\ 2 

For Muj, <^ m^, k"^, we can use the saddle point approximation to get 

{0{x')0{x)) ~ e-'"!^^! . (6.42) 



This case reduces to (6.26) for D = 6 



For e = '^^D case 

The case 9 = '^'^^^ D is an interesting case from the point of view of entanglement 
entropy, where the logarithmic violation of the area law is observed below. Seemingly, the 
equation of motion explicitly depend on z through the condition. 

91 - -e- ^:^^J = 0. (6.43) 

But this is not the case. We can re-express the same condition as z = {d + 1){D — 9)/D. 



Then the equation of motion goes back to the general one given in (6.30). Thus for ALCF 
with /3 = 0, the distinction we see from the entanglement entropy analysis does not make 
differences. To progress further, we need to specify the parameters. 

For e = '^^^D case 

There exists another interesting value of ^, ^ = where the entanglement entropy 

is proportional to the volume and the area law is extensively violated, which is observe below. 
In this case the equation of motion has the form 

- "-^dr -k-- ^^.Smm) ^ = ^- ^6.44) 
The explicit dependence of z here is misleading. Using z = 1 + (d + 1)(D — 0)/D, we can 



check that the equation reduces to (|6.30|). The reason behind is that the equation (|6.30|) 



we start with does not depend on z and thus the condition Q = ^ D does not put any 



constraint on it. 
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6.3.3 Scaling argument and summary 



Let us consider the differential equation (6.30) 



SI - - e - ^) , ^ , (.45) 

from different angle and with null energy condition, < or > There are two special 



cases, 9 = Q and 9 = D, which are analyzed analytically in ^ 6.3.1 and ^ 6.3.2 respectively. 
The cases with 9 < would be interesting to further investigate. 

For 9 > D, the mass term is not important at the boundary r — )■ and thus we can use 



the prescription (3.5). Then the naive scaling dimension is shifted to A = d + 2 — {d + l)9/D. 
The equation (6.30) is invariant under the Galilean boost, and the unique combination for 
energy and momenta k"^ = k"^ — 2Mu should be maintained. Moreover, there is a scaling 
symmetry in the equation 

r— )-Ar, k^k/X, m — )■ m/A"/^ , (6.46) 

under which the coefficient function G{k) should transform as G{k; m) = G{k/X; m/X^^^). 
Then, the momentum space correlation function has the general form 

G{k) ~ k^ ■ F{m/k'/'') . (6.47) 

When m/k^/^ ^ 1, F is independent of fc, and thus we can Fourier transform back to the 
position space to find 

(0{x)0{x)) ^ ^^^^^^|7(^e-^^ , (6.48) 
which is the general result with the effect of 9. 

6.4 Entanglement Entropy 

From the discussion of Q it becomes clear that there is unique prescription for the minimal 
surface, and static and stationary cases end up to have the same result. Once we have this 
picture in mind, it is not difficult to guess that the result would be the same for ALCF. The 



form of the metric (6.2) is uniquely fixed if we use the power of r to make up the dimension 
of ^ to physical length. 

Using the prescription developed in ^ we would like to compute the entanglement 
entropy for a strip with (non-) compact ^ direction 

^<i<L(., -l<xi<l, 0<Xi<L, i = 2,--- ,d (6.49) 
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in the limit / ^ L, L^. The strip is located at r = e, and the profile of the surface in the 
bulk is given by r = r{xi). Thus the area is given by 



(6.50) 



where we use Xi = Xi{r) and dr/dxi\rt — 0- And 



gA(r) ^ ^-1+e/D 



(6.51) 



Thus there is no difference for the entanglement entropy of the ALCF compared to that of 
the Schrodinger case. 



d-2 



d-3 



e 



e 





Figure 3: The parameter ranges of {z, 9) for the novel phases in the case of ACLF with /3 = 
are plotted for d = 2 and d = 3. The plot assumes D = d + 1. The novel phases lie in the 
region between the black dashed lines. The blue background is allowed regions from the null 
energy condition. 



In summary, for ^ = 0, the entanglement entropy is given by 




A{d-z 



- c. 



d-i 



2-2 



(6.52) 



where is given in (4.21). There exist also the logarithmic violation of the area law for 
2 = d + 1 as well as extensive violation for z = d + 2. In between, there exist new novel 
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phases, violating area law of entanglement entropy. For 7^ 0, we get the same entanglement 
entropy as (4.31 ) 

S 



{RM, 



PI 



A{a-l] 




(d+i)e/D j^d-ij^ 



(d+i)e/D j^d-ij^ 



Id-z+l 



(6.53) 



There exist also some parameter range, ^^^^D < < ^^j^D, where the area law is 
violated. Thus it is expected to have some novel phases in the range, which is depicted in 
figure (3) 



7 Outlook 



In this paper we considered various properties of Schrodinger-type holographic theories for 
general dynamical exponent z with or without hyperscaling violation exponent 9. The main 
results are summarized in ^ We would like to conclude with some speculations for the 
future directions. 

First, it will be interesting to generalize our discussions to the finite temperature black 
hole solutions. For Lifshitz theories, the black hole solutions with hyperscaling violation is 
already proposed and analyzed in [8]. Constructing black hole solutions with hyperscaling 
violation is not simple for the Schrodinger type theories, at least for /3 7^ 0. For z = 2,9 = {] 
and /3 7^ 0, the solution is constructed and analyzed in [30] [SI], using a very nice solution 
generating technique called null Melvin twist [2S]. The resulting black hole solutions are 
complicated and computations of physical properties are difficult. 

As we mentioned already, there is simpler and viable construction for the Schodinger 
holography, AdS in light-cone (ALCF) with /3 = 0. The corresponding black hole solution 
is also constructed and analyzed in [SI][32]- It turns out that, at least for 2; = 2, ^ = 0, the 
thermodynamic properties of these two black hole solutions are identical [31] [32] and some 
transport properties are also identical if comparison is reliable [32]. Thus we naively expect 
that the black hole constructions for /3 7^ and /3 = with non-zero 9 would give the same 
thermodynamic properties. It will be interesting to check this explicitly [17]. 

From the discussion in ^ it is clear that there are several interesting cases with < 0. 
For those cases, we are not able to evaluate correlation functions due to technical difficulties. 
The situation is similar to Lifshitz type theories [8], there dimensional reduction of D2 brane 
solution [H] provides an example with 9 = —1/3, which corresponds an important example 
of the holographic application to condensed matter. It will be interesting to see progress 
along the line. 

Note added: After submitting the first version to arXiv, there appeared [I8][l9], which 
have some overlap with ^ 
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A Useful Formula 



A.l Integration 



We put some general integral expressions extensively used in ^2.2 In the same section, we 
consider only the case where parameter b is positive. 



for > , 6 > , (A.l) 



A.2 Fourier transform 

In this appendix, we summarize some of the Fourier transform used in the calculations. First 
we consider the case for function only for k"^ = k"^ — 2Mu, 

W \ 2|t| 

^ 7r?:^-i+(-i)'2'*"-^r - M^-^ {P - 2Mur-'^ . (A.3) 

It turns out that we have more involved expression and it involves with some combination 
like P + /3M^ + m^. This case can be also exactly evaluated as 

^expf.M%i-.^|<| 
I 2\t\ 2 ' ' 

^ m'^-'+^-'^Y-^-^r - M'-^ (P - 2Mu + MPf-"-^ . (A.4) 

Thus for the massive case, one can use P = m? /M. 
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B Metric Properties 



In the appendix, we summarize some results of the metric properties for the metric (2.6) 

d 



(B.l) 



i=l 



The Ricci tensors and scalar curvature for this metric are given by 

i?,, = /5e2^M [{d + l)A{r){A{r) + B\r)) + 2B\rf + A\r) + B"{r)) 
Ru = -Rt^ = -{{d+ l)A'(r)2 + A"{r)) , R^^ = -{d + 2)A"{r) 

n =~e-^^^'\d + 2){{d+l)A{rf + 2A"{r)) . 



(B.2) 



This result reduces to the (2.8) for e^^^''^ = r 2+2e/D ^^^^ g2B(r) ^ ^ 2z+2^ j^^^ ^^le corre- 
sponding Einstein tensors are 

Gu = -I3e 

Gii = ~Rt£^ 



2B(r) ^^(^_tl)^'(^)2 _^d+ l)A'{r)B\r) - 2B\rf + {d+ l)A\r) - B"{r)^ 



'M±AA\rf + {d + l)A"{r) 



G.. ^ (1±1111±^A"(.) . (B.3) 



These results are also applied to (6.1) by imposing /3 = 
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